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Abstract
We present an alternative N = 2 supergravity multiplet coupled to n copies
of vector multiplets and n′ copies of hypermultiplets in five dimensions. Our su-
pergravity multiplet contains a single antisymmetric tensor and a dilaton, which are
natural Neveu-Schwarz massless fields in superstring theory. The absence of the ex-
plicit Chern-Simons terms in our lagrangian deletes the non-trivial constraints on
the couplings of vector multiplets in the conventional formulation. The scalars in
the vector multiplets form the σ -model for the coset SO(n, 1)/SO(n), like those
in the vector multiplets coupled to N = 1 supergravity in nine dimensions, while
the scalars in the hypermultiplets form that for the quaternionic Ka¨hler manifold
Sp(n′, 1)/Sp(n′) × Sp(1). We also perform the gauging of the SO(2) subgroup of
the Sp(1) = SL(2, IR) automorphism group of N = 2 supersymmetry. Our result
is also generalized to singular 5D space-time as in the conventional formulation, as a
preliminary for supersymmetric Randall-Sundrum brane world scenario.
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1. Introduction
The importance of five-dimensional (5D) supergravity has revealed in many contexts
of superstring [1] or M-theory [2], such as holographic Anti-de Sitter/superconformal field
theory (AdS/SCF) correspondence, i.e., a conjecture that the large N limit of SU(N) su-
perconformal field theories in D dimensions are dual equivalent to supergravity on AdS in
D + 1 dimensions [3][4]. The importance of studying 5D supergravity in AdS space-time
is also motivated by the Randall-Sundrum scenario [5] for getting a large mass hierarchy by
adjusting the tension of the 3-branes (domain walls) in 5D AdS [6][7][8].
The conventional on-shell formulation [9] of N = 1 supergravity in 5D used in these
studies was initiated in [10], which an arbitrary number of vector multiplets are coupled to su-
pergravity, and generalized further in [11][12]. However, the drawback of these formulations
[10][11][12] is the complication of couplings of an antisymmetric tensor Bµν and a dilaton
field to supergravity, which are important Neveu-Schwarz (NS) fields for superstring theory
[1]. For example, the tensor fields in [10][11][12] always appear in symplectic pairs, due to
their ‘self-duality’ condition in odd space-time dimensions [13], but the single antisymmetric
tensor field Bµν as the natural NS field [1] is not included in [11][12]. As an alternative
approach, we may try off-shell formulations [14], but the drawback here is the lack of man-
ifest σ -model geometrical structure formed by scalars inherent in the vector couplings to
supergravity, which is ‘hidden’ at the off-shell level before eliminating auxiliary fields. This
is similar to the 4D case of Ka¨hler manifold structure in on-shell N = 1 supergravity, which
is hidden in the off-shell formulation [15].
In our present paper, we try to simplify vector multiplet couplings to supergravity, propos-
ing an alternative on-shell N = 2 supergravity multiplet in 5D, which has an on-shell
irreducible field content larger than the conventional one [10][11][12], including the impor-
tant antisymmetric tensor and dilaton fields. Our field content of supergravity multiplet
is (eµ
m, ψµ
A, Bµν , χ
A, Aµ, σ) with 12+12 on-shell degrees of freedom, where the fu¨nfbein
eµ
m, the gravitini ψµ
A, and the graviphoton Aµ coincide with the conventional N = 2 su-
pergravity [10][11][12], while an antisymmetric tensor Bµν , a dilatino χ
A, and a dilaton
σ are our new field content. The important ingredient here is that the antisymmetric tensor
Bµν and the dilaton σ are natural NS massless fields expected from superstring theory
[1]. We also couple n copies of vector multiplets (Cµ, λ
A, ϕ) to this N = 2 supergravity,
where the n copies of the scalar ϕ form the coordinates of the σ -model for the coset
SO(n, 1)/SO(n). This coupling structure is similar to that for vector multiplets coupled to
N = 1 supergravity in 9D [16], and we have no explicit Chern-Simons term in the lagrangian.
We further show how to gauge the SO(2) subgroup of the Sp(1) = SL(2, IR) automor-
phism group of N = 2 supersymmetries with the minimal couplings of these n+ 1 vector
fields in a way similar to the gaugings in N = 1 supergravity in 9D [17].
2. Alternative N = 2 Supergravity Multiplet in 5D
We first clarify the structure of our alternative N = 2 supergravity multiplet in
5D, which is distinct from the conventional one [10][11][12], as the foundation of any
future elaboration of matter couplings. The field content of our supergravity multiplet
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is (eµ
m, ψµ
A, Aµ, Bµν , χ
A, σ) with 12 + 12 on-shell degrees of freedom, where the
first three fields coincide with the conventional supergravity multiplet. Here the indices
µ, ν, ··· are for the curved world indices, m, n, ··· are local Lorentz with the signature
(ηmn) = diag. (−,+,+,+,+), while A, B, ··· = 1, 2 are for the 2 -representation of the
automorphism group Sp(1) = SL(2, IR) for the N = 2 supersymmetry. In this paper,
we use Sp(1) = SL(2, IR) notation instead of SU(2) as the automorphism group, in or-
der to make all the bosonic fields manifestly real, just for simplicity. The last three fields
Bµν , χ
A, σ differentiate our multiplet from the conventional one [10].
Some new feature is elucidated by an invariant lagrangian for our supergravity multiplet:
LSG = − 14R− 12(ψµAγµνρDνψρA)− 14e−2σF 2µν − 112e−4σG2µνρ − 12(χAγµDµχA)− 34(∂µσ)
2
− 1
24
e−2σ(ψµ
AγµνρστψνA)Gρστ +
1
4
e−2σ(ψµ
AγνψρA)G
µνρ
− i
2
√
2
e−σ(ψµ
AψνA)F
µν − i
4
√
2
e−σ(ψµ
AγµνρσψνA)Fρσ
− 1
2
√
6
e−σ(ψµ
AγρσγµχA)Fρσ +
i
6
√
3
e−2σ(ψµ
AγρστγµχA)Gρστ
− 5
72
e−2σ(χAγµνρχA)Gµνρ − i12√2e−σ(χAγµνχA)Fµν +
√
3i
2
(ψµ
AγνγµχA)∂νσ , (2.1)
up to a total divergence and quartic fermion terms, under supersymmetry
δQeµ
m = +(ǫAγmψµA) , δQσ = +
i√
3
(ǫAχA) ,
δQψµ
A = +Dµ(ω̂)ǫ
A + i
6
√
2
e−σ(γµρσ − 4δµργσ)ǫAFρσ + 118e−2σ(γµρστ − 32δµργστ )ǫAGρστ ,
δQAµ = − i√2eσ(ǫAψµA) + 1√6eσ(ǫAγµχA) ,
δQBµν = +e
2σ(ǫAγ⌊⌈µψν⌋⌉A) + i√3e
2σ(ǫAγµνχA) + 2A⌊⌈µ|δQA|ν⌋⌉ ,
δQχ
A = − 1
2
√
6
e−σγµνǫAFµν + i6√3e
−2σγµνρǫAGµνρ −
√
3i
2
γµǫA∂µσ , (2.2)
up to quadratic fermion terms. As usual with antisymmetric tensors [9], Gµνρ is the field
strength of Bµν modified by a Chern-Simons form:
Gµνρ ≡ 3∂⌊⌈µBνρ⌋⌉ + 3F⌊⌈µνAρ⌋⌉ . (2.3)
The closure of supersymmetries can be easily confirmed with the parameter of translation
ξm ≡ +i(ǫ2Aγmǫ1A) ≡ +i(ǫ2γmǫ1) . (2.4)
As in the second expression here, we omit from now on the explicit contracted indices A, B, ···.
As in the usual dilaton couplings in supergravity [9], the antisymmetric field Bµν and
the graviphoton Aµ are scaled, when the dilaton σ is shifted by a constant value:
σ → σ + c , Bµν → e2cBµν , Aµ → ecAµ , (2.5)
where c is an arbitrary constant parameter. This global symmetry controls the various
exponential couplings of σ in the lagrangian (2.1).
The derivations of the transformation rule (2.2) and the lagrangian (2.1) are rather
routine, described as follows. We start with putting unknown coefficients for terms in (2.2),
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which are determined by the closure of supersymmetry at the linear level on all the bosonic
fields, and the invariance of the kinetic terms in (2.1). These two sets of conditions fix all the
unknown coefficients up to the sign ambiguities for field redefinitions. This fixes all the terms
in (2.2) up to quadratic fermion terms. Now for the remaining Noether and Pauli couplings
in (2.1), we put unknown coefficients, in addition to the coefficient for the Chern-Simons
term in (2.3), which are determined by the cancellations of (fermion)× (boson)2 -type terms
after the variation of such lagrangian under the already-fixed rule (2.2). The structures of
these terms are (i) ψG2, (ii) ψF 2, (iii) ψ(∂σ)2, (iv) ψFG, (v) ψF∂σ, (vi) ψG∂σ ,
(vii) χG2, (viii) χF 2, (ix) χ(∂σ)2, (x) χFG, (xi) χF∂σ, and (xii) χG∂σ. All of these
sectors consistently fix the coefficients as in (2.1), only up to field redefinitions.
Compared with the conventional formulations [10], there is a similarity as well as basic
difference, which will be more manifest after coupling to vector multiplets in the next section.
The similarity is that our tensor field Bµν can be dualized into a vector field Bµ by a
duality transformation [18], so that the final field content will be (eµ
m, ψµ
A, Aµ, Bµ, χ
A, σ).
¿From this viewpoint, our system (2.1) is ‘dual equivalent’ to the conventional formula-
tion with only one vector multiplet, in particular the dilaton field plays the coordinate of
SO(1, 1), as usual in superstring theory. However, the caveat at this stage is that even
though such a duality transformation is possible even after coupling vector multiplets, the
resulting σ -model structure is qualitatively different from that given in the conventional
formulations [10][11][12], as will be seen shortly.
Some readers may be still wondering how a supermultiplet with spins ranging from two
to zero (in the 4D sense) can be an ‘irreducible’ multiplet. There is nothing puzzling about
this from the viewpoint that in higher dimensions in D > 4, the usual irreducibility from
4D viewpoint does not hold. A typical supporting example for this statement is the N =
2 supergravity multiplet in 6D [19]. When we require the existence of an action, the
smallest supermultiplet with sexbein has the field content (eµ
m, ψµ
A, Bµν , χ
A, ϕ), similarly
to our supermultiplet above in 5D. Here N = 2 supergravity in 6D yields maximally
N = 2 supergravity in 4D after a simple dimensional reduction. So na1¨vely from 4D
viewpoint, we expect the ‘irreducible’ supergravity supermultiplet in 6D only with spins 2,
3/2 and 1, and therefore it appears to be strange to have even a scalar dilaton ϕ here.
However, it is well-known that this is the ‘smallest’ supermultiplet in 6D, as long as an
invariant action is required [19].4 We repeat here that the ‘irreducibility’ in the 4D sense
works no longer in higher dimensions, when supermultiplets in 4D are ‘unified’ in D > 4.
Notice that the antisymmetric field Bµν and the dilaton σ are the natural NS massless
fields in superstring [1] or M-theory [2]. In other words, it is more natural to have a super-
gravity with these fields in the point field theory limit. Another advantage of introducing an
antisymmetric tensor Bµν is associated with the recent development of non-commutative
geometry [20] in which the tensor Bµν develops certain non-trivial constant value. We stress
the fact that our supergravity multiplet contains the NS fields Bµν and σ as irreducible
component fields, indicating that our supergravity is a more natural point field theory limit
of superstring theory [1] than the conventional one [10][11][12].
4Here we do not go into the subtlety about the existence of action principle in this context, but the
significance implied in this context is clear.
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3. Couplings to Vector Multiplets and Hypermultiplets
Our next task is to couple our N = 2 supergravity to n copies of vector multiplets
and n′ copies of hypermultiplets, as we have promised. The field content of a vector
multiplet is (Bµ, χ
A, ϕ) with 4 + 4 degrees of freedom, and therefore we expect that the
coupling structure must be parallel to the case in 9D [16][17], in which the scalars form the
coordinates of the σ -model on the coset Hn ≡ SO(n, 1)/SO(n) [16], as the simplest case
of symmetric non-Jordan family scalar manifold [10]. As for the hypermultiplets with the
field content (φα, ψa) with 4n′ + 4n′ degrees of freedom, the couplings are in such a way
that the scalars φα form the 4n′ -dimensional coordinates of quaternionic Ka¨hler manifold
HP (n′ − 1, 1) ≡ Sp(n′, 1)/Sp(n′) × Sp(1), like those in N = 2 supersymmetry in 4D [21]
or in 6D [19].
For readers who are not very familiar with the general backgrounds of determining a coset
in a locally supersymmetric σ -model, we give a brief remark here. The above coset Hn ≡
SO(n, 1)/SO(n) for the vector multiplets was determined as the most natural candidate,
due to the similarity of our N = 2 supergravity multiplet to N = 1 supergravity in
9D with similar (‘formally’ the same) field content (eµ
m, ψµ, Bµν , Aµ, χ, ϕ) [16][17]. The
reason of this similarity is due to the repeating structure of Clifford algebra in general higher
dimensions [22], i.e., some aspects of supersymmetry repeat themselves every four space-
time dimensions. Furthermore, the field content of an N = 2 vector multiplet in 5D is also
similar to N = 1 vector multiplet in 9D, in which a scalar field belongs to a vector multiplet.
Accordingly, when n copies of vector multiplets are coupled to supergravity, there arise
in total n + 1 scalar fields: one from the supergravity multiplet (dilaton), and n copies
from the n vector multiplets. In such a case, we need some σ -model structure in order
to realize local supersymmetry. This is because we need some type of ‘complex structure’ in
supersymmetry transformation rules for scalar fields, as is also the case with N = 2 local
supersymmetry in 4D [21]. In 9D [16][17], it was found that when n vector multiplets
are coupled to supergravity, the n copies of scalar fields in these vector multiplets form
the n -dimensional coordinates with the positive definite signature, while the dilaton in the
supergravity multiplet form a special coordinate with the negative signature, thus forming
the coset Hn ≡ SO(n, 1)/SO(n). The indefinite signature of the coset due to the two sets of
scalar fields is related to the difference between matter versus supergravity fields, similar to
the difference between the dS and AdS minima of potentials, respectively. Even though, in
principle, we can generalize this coset to more sophisticated non-Jordan family scalar cosets
as in [10], we focus on this coset Hn just for simplicity in this paper.
In order to clarify certain important geometry of Hn ≡ SO(n, 1)/SO(n), we start with
the coset algebra for the coset generators Ka, and SO(n) generators Hab [23]:
⌊⌈Hab, Hcd⌋⌉ = δbcHad − δacHbd + δadHbc − δbdHac ,
⌊⌈Hab, Kc⌋⌉ = δbcKa − δacKb , ⌊⌈Ka, Kb⌋⌉ = + 1ξ2Hab . (3.1)
Here the indices a, b, ··· = (1), (2), ···, (n) are for the vectorial representation of SO(n). The
numerical constant ξ in the last line is a priori undetermined by the geometry alone, but
will be determined by the action invariance under supersymmetry. The coset representatives
LI
A satisfy the relationship
LA
I∂αLI
B = 1
2
Aα
ab(Hab)A
B + Vα
a(Ka)A
B . (3.2)
4
The indices A, B, ··· = ((0),a), ((0),b), ··· = (0), (1), (2), ···, (n) are for the local coordinates on Hn.5
In other words, A, B, ··· = ((0),a), ((0),b), ··· are the (n+1)-dimensional extension of the original
n -dimensional indices a, b, ···. The indices I, J, ··· = 0, 1, ···, n are for the curved coordinates,
while α, β, ··· = 1, 2, ···, n are for the coordinates on Hn. The raising/lowering of the indices
A, B, ··· is done by the metric tensor (η
AB
) = diag. (−,+,+, · · · ,+). In (3.2), the generators
H ’s and K’s have the components
(Hab)c
d = δacδb
d − δbcδad , (Ka)b(0) = (Ka)(0)b = 1ξ δab , (3.3)
which are the only non-zero components of these generators. The Vα
a are the vielbein for
Hn, while Aα
ab is the SO(n) composite connection, which acts like
DαXa ≡ ∂αXa + AαabXb , (3.4)
for an arbitrary SO(n) vector Xa. Due to the ortho-normality
LI
ALA
J = δI
J , LA
ILI
B = δA
B , (3.5)
it is convenient to define
LI ≡ LI (0) , LI ≡ L(0)I , (3.6)
satisfying
LIL
I = +1 , La
ILI ≡ 0 , LI aLI ≡ 0 . (3.7)
¿From the Maurer-Cartan form (3.2), it follows that
DαLI = ∂αLI =
1
ξ
LI
aVαa , DαLI
a = 1
ξ
LIVα
a , (3.8)
so that the tensor LIJ defined by
LIJ ≡ ηABLIALJB = −LILJ + LIaLJa (3.9)
satisfies the ‘constancy’ condition of LIJ :
∂αLIJ = 0 . (3.10)
Therefore we can choose the frame such that this (n + 1) × (n + 1) matrix is diagonal:
(LIJ) = diag. (−,+,+, · · · ,+). Other relevant useful relations are such as
LIJL
J = −LI , LIJLaJ = +LIa . (3.11)
We can also get the commutator
⌊⌈Dα, Dβ⌋⌉LI a = − 1ξ2 (VαaVβb − VβaVαb)LIb , (3.12)
5Even though we are using the same indices A, B, ··· both for the 2 -representations and for these local
Lorentz coordinates, they are not confusing, as long as we keep track of the context they are used.
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leading to the curvature tensor of the manifold Hn
Rαβ
ab = − 1
ξ2
(Vα
aVβ
b − VβaVαb) , (3.13)
with the negative definite constant scalar curvature R = −n(n−1)/λ2 ≤ 0. As will be seen,
the value of λ in the above relationships will be determined to be
ξ = − 1√
2
, (3.14)
by the action invariance under supersymmetry.
We can perform the coupling of these vector multiplets to our supergravity (2.1), following
the previous results of the N = 1 supergravity in 9D [16][17] for vector multiplet couplings.
For example, we see the right assignment for the gaugino λ to be the n -representation
under SO(n), while the 2 -representation under the Sp(1) = SL(2, IR) group. Relevantly,
the graviphoton Aµ in the original supergravity multiplet (2.2) is to be identified as the
0 -th component of Aµ
I .
As for the coupling of the hypermultiplets (φα, ψa) to supergravity, the scalars φα
(α = 1, 2, ···, 4n′) form 4n′ -dimensional coordinates of a quaternionic Ka¨hler manifold
HP (n′−1, 1) ≡ Sp(n′, 1)/Sp(n′)×Sp(1), while ψa (a = 1, ···, 2n′) transform as 2n′ -representation
of Sp(n′), as in 4D [21] or in 6D [19]. As in the case of vector multiplets, we need here
similar geometrical preliminary for the manifold HP (n′ − 1, 1) [21][19]. We start with the
representative Laα, which satisfy the Maurer-Cartan form for the coset HP (n′ − 1, 1):
L−1∂αL = Aα
iTi + Aα
ITI + Vα
aAKaA . (3.15)
The (TI)a
b (I, J, ··· = 1, 2, ···, n′(2n′+1)) are the generators of Sp(n′), and (T i)A
B
(i, j, ··· = 1, 2, 3)
are the generators of the automorphism group Sp(1) = SL(2, IR), while KaA are the gener-
ators in the coset space. The indices A, B, ··· = 1, 2 for the automorphism group Sp(1) are
the same as before. The Sp(1) generators Ti are anti-hermitian, and have symmet-
ric components: (Ti)AB = +(Ti)BA, (Ti)A
B(Tj)B
C = −(1/4)δijδAC + (1/2)ǫijk(Tk)AC , and
(Ti)A
B ≡ ǫBC(Ti)AC with the Sp(1) = SL(2, IR) metric ǫAB = −ǫBA, and idem for
Sp(n′). These notations are the same as that in [19], except for the underlined indices to be
distinguished from those in the previous coset Hn ≡ SO(n, 1)/SO(n).
Skipping other details, we give the ortho-normality conditions of vielbeins:6
gαβVaA
αVbB
β = ǫ
ab
ǫ
AB
, 2VaA
(α|V aB|β) = gαβδAB , (3.16)
with the metric on HP (n′ − 1, 1) and the antisymmetric invariant ǫab of Sp(n′). Since
HP (n′ − 1, 1) is a quaternionic Ka¨hler manifold, it has a triple of covariantly constant
complex structures Jαβ
i defined by [21][19]
Jαβ
i = −(T i)AB(VαaBVβaA − VβaBVαaA) , (3.17)
6Notice that there was a similar equation 2VaA
(α|Vb
A|β) = n′−1gαβǫab originally in [21]. However,
we note that this equation is not correct, as can be easily seen by multiplying this by Vα
aB, yielding
2n′ − 1 = n′−1 which holds only for n′ = 1. There must be an additional term antisymmetric in a↔b on
the r.h.s. of the above equation. Fortunately, this equation has not been used in the supersymmetry invariance
in ordinary supergravity formulations [21][19].
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satisfying the quaternion algebra J iJ j = −δij + ǫijkJk. As in [21][19], the composite
Sp(1) connection Aα
i couples to the gravitino ψµ
A, while the composite Sp(n′) connection
Aα
I couples to the fermions ψα. Due to the quaternionic geometry, these quaternions and
the Sp(1) curvature Fαβ
i are proportional to each other:
Fαβ
i = ηJαβ
i = −2Jαβi , (3.18)
with an a priori unknown numerical constant η, which will be fixed to be η = −2 by the
invariance of the total action.
Armed with these geometrical relationships at hand, it is now straightforward to couple
the vector multiplets and hypermultiplets to supergravity. After all, our total field content
is such that our supergravity multiplet (eµ
m, ψµ
A, Bµν , χ
A, Aµ, σ) and the n copies of the
vector multiplets (Bµ, λ
A, ϕ), as well as the n′ copies of the hypermultiplets (φα, ψa) are
‘fused’ together to yield (eµ
m, ψµ
A, Bµν , χ
A, Aµ
I , λaA, ϕα, σ, φα, ψa), where ϕα are for the
σ -model coordinates of Hn, and φα are for those of HP (n′ − 1, 1). Now our in-
variant lagrangian (up to a total divergence and quartic fermion terms) thus obtained is
L0 = − 14R− 12(ψµγµνρDνψρ)− 112e−4σG2µνρ − 14e−2σ(LI aLJa + LILJ)FµνIF µν J
− 1
2
(λaγµDµλa)− 12gαβ(∂µϕα)(∂µϕβ)− 34(∂µσ)
2 − 1
2
(χγµDµχ)
− 1
2
gαβ(∂µφ
α)(∂µφβ)− 1
2
(ψaγµ∂µψa)
+ i√
2
Vα
a(ψµγ
νγµλa)∂νϕ
α +
√
3i
2
(ψµγ
νγµχ)∂νσ + iVα
aA(ψµγ
νγµψa)∂νφ
α
− i
4
√
2
e−σ(ψµγ
µνρσψν + 2ψ
ρψσ)LIFρσ
I + i
6
√
3
e−2σ(ψµγ
ρστγµχ)Gρστ
− 1
24
e−2σ(ψµγ
µρρστψν − 6ψργσψτ )Gρστ − 572e−2σ(χγµνρχ)Gµνρ
− 1
2
√
2
e−σ(ψµγ
ρσγµλa)LI
aFρσ
I − 1
2
√
6
e−σ(ψµγ
ρσγµχ)LIFρσ
I − i
12
√
2
e−σ(χγµνχ)LIFµνI
+ i
4
√
2
e−σ(λaγµνλa)LIFµν
I + 1
24
e−2σ(λaγµνρλa)Gµνρ + 124e
−2σ(ψaγµνρψa)Gµνρ
+ i√
6
e−2σ(χγµνλa)LI aFµνI − 14√2e−σ(ψaγµνψa)LIFµνI . (3.19)
Compared with the case with no vector multiplet (2.3), the field strength of Bµν is now
modified as
Gµνρ ≡ 3∂⌊⌈µBνρ⌋⌉ − 3LIJF⌊⌈µνIAρ⌋⌉J . (3.20)
The previous case of (2.3) is now a special case of (3.20), i.e., only L00 = −1 is
present. Similarly to the case of N = 1 supergravity in 9D [16][17], the kinetic
term for the vectors Aµ
I has a positive definite coefficient matrix in the combination
(LIaLJ
a + LILJ) = diag. (+,+, · · · ,+) + O(ϕ), where the O(ϕ) -terms yield just cubic or
higher-order interactions. The covariant derivatives for Sp(1) or Sp(n′) -covariant spinors
are
D⌊⌈µ|ψ|ν⌋⌉
A ≡ D⌊⌈µ|(ω̂)ψ|ν⌋⌉A + (∂⌊⌈µ|φα)Aαi(Ti ψ|ν⌋⌉)A ,
Dµχ
A ≡ Dµ(ω̂)χA + (∂µφα)Aαi(Ti χ)A ,
7
Dµλ
aA ≡ Dµ(ω̂)λaA + (∂µϕα)AαabλbA + (∂µφα)Aαi(Tiλa)A ,
Dµψ
a ≡ Dµ(ω̂)ψa + (∂µφα)AαI(TI ψ)a , (3.21)
with the supercovariant Lorentz connection ωµ
mn [9]. The actions of the Sp(1) and
Sp(n′) generators Ti and TI are e.g., (Tiǫ)A ≡ (Ti)ABǫB, (TI ψ)a ≡ (TI)abψb, etc. Our
supersymmetry transformation rule is
δQeµ
m = +(ǫγmψµ) , δQσ = +
i√
3
(ǫχ) ,
δQψµ
A = +Dµǫ
A + i
6
√
2
e−σ(γµρσ − 4δµργσ)ǫALIFρσI + 118e−2σ(γµρστ − 32δµργστ )ǫAGρστ ,
δQAµ
I = − i√
2
eσ(ǫψµ) +
1√
6
eσLI(ǫγµχ) +
1√
2
eσ(ǫγµλ
a)La
I ,
δQBµν = +e
2σ(ǫγ⌊⌈µψν⌋⌉) + i√3e
2σ(ǫγµνχ)− 2LIJA⌊⌈µ|IδQA|ν⌋⌉J ,
δQχ
A = − 1
2
√
6
e−σγµνǫALIFµνI + i6√3e
−2σγµνρǫAGµνρ −
√
3i
2
γµǫA∂µσ ,
δQϕ
α = + i√
2
Va
α(ǫλa) ,
δQλ
aA = − 1
2
√
2
e−σγµνǫALI aFµνI − i√2γµǫAVαa∂µϕα ,
δQφ
α = +iVaA
α(ǫAψa) ,
δQψ
a = −iVαaAγµǫA∂µφα , (3.22)
up to quadratic fermion terms.
Our derivations of (3.19) and (3.22) are outlined as follows. We first determine all the
terms in (3.22) by putting unknown coefficients in each new terms in (3.22), other than those
in (2.2). These coefficients are determined by the linear-level closure of supersymmetry on
all the bosonic fields, and the invariance of the free kinetic terms for the vector multiplet,
up to possible field redefinitions. Now using (3.22), we can fix all the Noether and Pauli
couplings in (3.19) by a procedure similar to section 2, including also the a priori unknown
constants ξ in (3.14) and η in (3.18). The value of ξ is determined simultaneously
by the following four sectors in the invariance confirmation of our lagrangian (3.19) under
supersymmetry (3.22), which are all of the (fermion) × (boson)2 -type, categorized as (i)
λF 2 -type from (δQLI)LJFµν
IF µνJ , (ii) λF∂ϕ -type from (δQψ)λLF , (iii) χF∂ϕ -type
from LILJFµν
IF µνJ or ψχLIF , and (iv) ψF∂ϕ -type from either LILJ (δQFµν
I)F µνJ or
(δQψ)ψLF , where F, ψ, λ and L symbolize ψµ, λ
a, Fµν
I and LI or LI
a, respectively.
All of these sectors consistently yield ξ in (3.14). Similarly, η in (3.18) is determined
in the same way in [19], i.e., the cancellation of the sector (ψµγ
µνρTiǫ)(∂νφ)(∂ρφ) in the
variation of the lagrangian (3.19).
Even though we have relied on the results in the conventional case [10][11][12] for deriva-
tion, our system has also some basic differences from the latter. One important difference
is the presence of the modified field strength Gµνρ in (3.20) instead of the explicit Chern-
Simons term CIJKF
I ∧ F J ∧AK in the lagrangian in [10][11][12].
As has been already briefly mentioned, there are other fundamental differences of our
system from the conventional formulation [10][11][12]. The most important one is the scaling
invariance (2.5) of the dilaton σ maintained in our (3.19). In the conventional formulation
[10][11][12], there is no distinction of the dilaton field σ treated separately from other
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scalar fields, but instead all the scalars form on an equal footing the coordinates of the
target manifold specified by the hypersurface CIJKX
IXJXK = 1 [10][11][12]. In our
system (3.19), however, the dilaton keeps its particular role distinguished from other scalar
fields. Another important feature is the role of the antisymmetric tensor Bµν which is
not mixed up with other vector fields, either. Additionally, all the tensor fields given in
[11][12] satisfy the symplectic ‘self-duality’ condition, always forming pairs with their ‘dual’
components, while our tensor field Bµν appears as a singlet field.
There is a more technical but more strict comparison of our system with the conventional
formulations [10][11][12]. This can be done as follows: We first ‘unify’ the coordinates
ϕα with the dilaton σ into ϕαˆ (αˆ, βˆ, ··· = 1, 2, ···, n+1), following a similar procedure in
9D given by eqs. (3.18) - (3.32) in [17]. Next we perform a duality transformation [18] from
Bµν into its dual Bµ, which is now identified with Bµ ≡ Aµn+1, i.e., Iˆ = n+1 in the extended
set AIˆµ (Iˆ = 1, ···, n+1). At this stage, there are n + 1 coordinates ϕ
αˆ with n + 2 vector
fields (Aµ
0, AIˆµ) with an explicit Chern-Simons term LIJA
n+1∧F I ∧F J in the lagrangian
similar to CIJKA
I ∧ F J ∧ FK in [10]. In other words, our LIJ effectively corresponds to
Cn+1 IJ [10] in their own notation. Accordingly, the gaugini λ
a are unified with χ to
form λA (A = 0, 1, ···, n). Consequently, since the numbers of the σ -model coordinates ϕαˆ,
the number of the gaugini λA and the ‘unified’ vector fields agree with the general case
covered in [10], one might think this is just a special case of the conventional formulation
[10][11][12], as if the coset were now enlarged to SO(n+1, 1)/S(n+1) or something similar.
However, we can easily see why this is not the case, with some fundamental differences. The
most typical difference is that the scalar fields ϕαˆ are no longer the coordinates of the
hypersurface of the cone C described in [10][11][12], but they are the coordinates of the
entire solid cone C, as has been also mentioned in a similar system in 9D in [17].7 Therefore,
our system is not a special case covered in the conventional formulation [10][11][12].
To be more specific, complying also with the notation given in eqs. (3.18) - (3.32) in [17]
as much as possible, we first redefine
L˜ I = e
−√3σLI , L˜I = e+
√
3σLI , a˜IJ ≡ e−2
√
3σ(LI
aLJa + LILJ) . (3.23)
Here our LI , L
I , LI
a, La
I respectively correspond to hI , h
I , hI
a, ha
I in [17] or [10], and
using this rescaled L˜I (I = 0, 1, ···, n) is equivalent to the usage of the (n+ 1)-dimensional
ϕαˆ -coordinates [10][11][12]. Upon this field redefinition, our ϕ and σ -kinetic terms in
(3.21) are unified as
− 1
2
gαβ(∂µϕ
α)(∂µϕβ)− 3
4
(∂µσ)
2 −→ − 1
4
a˜IJ(∂µL˜
I)(∂µL˜J) , (3.24)
corresponding to (3.20) in [17]. At this stage our system appears to be just a special case
covered by [10], because all the relevant index-ranges are the same as a special case in [10].
The Chern-Simons term coefficient LIJ in our case satisfies the constraint
− LIJLILJ = 1 , (3.25)
as confirmed by (3.5) - (3.9), as an analog of Cn+1JKX
n+1XJXK = 1 in [10] or to CIJh
IhJ =
1 in [17]. To have a real comparison with [10], (3.25) is to be rewritten in terms of the whole
7We acknowledge P.K. Townsend to clarify this point to us.
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σ -model coordinates ϕαˆ or equivalently L˜I , as
− LIJ L˜ IL˜J = e2
√
3σ . (3.26)
However, the r.h.s. here is a function of σ generally different from unity. Similarly to
eq. (3.20) in [17], our (3.26) implies that the unified coordinates L˜ I , and therefore ϕαˆ are the
coordinates of the (n+1)-dimensional entire solid cone C, but not only of the n -dimensional
surface of the cone C as in [10][11][12]. In other words, one of our coordinates σ describes
the direction away from the surface of the cone C, extending to the entire solid cone that
has not been covered by the σ -model coordinates in [10][11][12]. From this result, we
can conclude that our system (3.19) is not covered as a special case of the formulations in
[10][11][12].
This feature of our system is also associated with the above-mentioned special features
of the dilaton σ and anti-symmetric tensor Bµν , which can not be unified into a common
coordinates with other original σ -model coordinates or vector fields, as done in [10]. To
put it differently, the dilaton and the antisymmetric tensor fields in our system are playing
essential roles distinct from other fields in the vector multiplets, as the natural massless NS
fields in superstring [1]. ¿From these considerations, we conclude that our system is more
natural as the supergravity limit of superstring theory than the conventional formulations
[10][11][12].
4. Gauging SO(2) Subgroup of Sp(1)
We have not yet considered the possible gauging of any subgroup of various gauge groups
in our system. In what follows, we consider the gauging of SO(2) subgroup of the auto-
morphism group Sp(1) = SL(2, IR), following the similar procedure in [10]. Due to some
complications to be explained later, we have to turn off the hypermultiplet from the system,
when we consider this SO(2) gauging.
As explained in [10], the SO(2) -gauging is performed by introducing the constant vectors
V I , with the coupling constant g. Accordingly, the covariant derivatives on Sp(1) non-
invariant fermions acquire the SO(2) minimal couplings8
DµǫA ≡ DµǫA + gVIAµI(T2 ǫ)A , D⌊⌈µ|ψ|ν⌋⌉A ≡ D⌊⌈µ|ψ|ν⌋⌉A + gVIA⌊⌈µ|I(T2 ψ|ν⌋⌉)A ,
DµχA ≡ DµχA + gVIAµI(T2 χ)A , DµλaA ≡ DµλaA + gVIAµI(T2λa)A . (4.1)
Here Dµ is the previous covariant derivatives in (3.21), and the matrix T2 is the second
anti-hermitian generator of Sp(1) = SL(2, IR) for the SO(2) gauging. The coupling
constant g is for the gauging of SO(2) ⊂ Sp(1) = SL(2, IR), while the vectors VI are all
constants, following the similar gauging method in [10][11][12]. Finally, ξα is the Killing
vector in the direction of T2 among the generators of Sp(1).
The new explicitly g -dependent terms9 needed in the lagrangian are
Lg ≡ − 18g2e2σVIVJLIJ − i2√2geσ(ψµγµνT2ψν)VILI − 1√2geσ(ψµγµT2λa)VILaI
8Note that we have switched off the hypermultiplets, so that there is no term with φα, etc. in this section.
9The word ‘explicitly’ here means any term with g other than the covariant derivatives (4.1).
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+ i
2
√
2
geσ(λaT2λa)VIL
I − 2i√
6
geσ(χT2λ
a)VILa
I
− i
6
√
2
geσ(χT2χ)VIL
I + 1√
6
geσ(ψµγ
µT2χ)VIL
I , (4.2)
so that the total lagrangian is L0 + Lg, now invariant under the transformation rule (3.17)
plus the new explicitly g -dependent terms in the transformation rule of fermions:
δQψµ|g = − i3√2geσ(γµT2ǫ)
AVIL
I , δQχ
A|g = + 1√6geσ(T2ǫ)
AVIL
I ,
δQλ
aA|g = − 1√2geσ(T2ǫ)
AVIL
aI . (4.3)
As usual in gauged supergravity models [9], the gauge coupling g also rescales under (2.5)
as g → e−cg, and this explains the function eσ accompanying g. One of the crucial
relations in the derivations above is
⌊⌈Dµ, Dν⌋⌉ǫA = − 14Rµνrs(ω̂)γrsǫA + gVIFµνI(T2ǫ)A + (Dµφα)(Dνφβ)Fαβi(Tiǫ)A , (4.4)
which is parallel to the 6D case [19], or more directly to the 5D case [11][12].
Note that our lagrangian (4.2) has the peculiar potential term
Vpot ≡ +18g2e2σVIVJLIJ . (4.5)
Since VI are constant, and so is the metric L
IJ , this Vpot has the field-dependence
only via the dilaton σ. Due to the indefinite metric (LIJ) = diag. (−,+,+, · · · ,+), the
signature of this potential can be flipped, depending on the choice of VI 6= 0. For example,
if we choose only V0 to be nonzero, then the potential is negative definite with the AdS
background, while if only V1, V2, · · · , Vn are nonzero with V0 = 0 maintained, then
Vpot is positive definite with the dS background. This signature flipping is important for
the supersymmetric Randall-Sundrum scenario [5][6][7]. Compared with [10][11][12], our
lagrangian is much simpler, depending only on the constant vectors VI simplifying the
couplings to vector multiplets drastically.
We mention here the previously-mentioned complication with the SO(2) -gauging in
the presence of the hypermultiplets. When the hypermultiplets are included, we encounter
g - and hypermultiplet-dependent terms that complicate the invariance confirmation. For
example, there arises a term with the structure gψaDφα out of the variation of the gravitino
in the Noether coupling (ψµ
Aγνγµψa)VαaADνφ
α. This subtlety seems to be also related to
the ortho-normality relation mentioned in the footnote before (3.16). The gauging with the
hypermultiplets with these subtleties is now in progress.
5. Supergravity in Singular Space-Time
As a preliminary for possible supersymmetric Randall-Sundrum scenario [6] we can gen-
eralize our system to supergravity in ‘singular’ space-time, following the prescription in [7].
We start with replacing the original SO(2) gauging coupling constant g everywhere by a
space-time-dependent scalar field G(x) [7] symbolized as Lg → LG, and then introduce a
fourth-rank antisymmetric tensor potential Aµνρσ, with a new term in the lagrangian [7]
SAG ≡
∫
d5xLAG ≡
∫
d5x
(
1
24
ǫµνρστAµνρσ∂τG
)
. (5.1)
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The total 5D bulk action Sbulk ≡ S0 + SG + SAG ≡
∫
d5x (L0 + LG + LAG) is no longer
invariant under supersymmetry, but has terms proportional to ∂µG [6][7]:
10
δQ(L0 + LG + LAG) = ǫµνρστ
[
− i(ǫγµνT2ψρ)VIAσI + 16√2eσ(ǫγµνρT2ψσ)VILI
+ i
24
√
6
eσ(ǫγµνρσT2χ)VIL
I − i
24
√
2
eσ(ǫγµνρσT2λ
a)VILa
I
]
∂τG . (5.2)
This is to be cancelled by the new supersymmetry transformation rule δQAµνρσ in LAG:
δQAµνρσ = + 24i(ǫγ⌊⌈µν|T2ψ|ρ|)VIA|σ⌋⌉I − 2
√
2eσ(ǫγ⌊⌈µνρ|T2ψ|σ⌋⌉)VILI
− i√
6
eσ(ǫγµνρσT2χ)VIL
I + i√
2
eσ(ǫγµνρσT2λ
a)VILa
I , (5.3)
while we maintain δQG = 0. Due to the additional field χ in our system compared with
[7], we have four terms in total in (5.3). After this, the action Sbulk is adjusted to be
superinvariant.
In order to generalize this result to more singular 5D space-time like Randall-Sundrum
solution [5], we now add the brane action Sbrane to Sbulk ≡ S0+SG+SAG, which characterizes
the space-time singularities:
Sbrane = −2g˜
∫
d5x
[
δ(x5)− δ(x5 − b)
](
ae(4)VIL
I + 1
24
ǫµνρσ 5Aµνρσ
)
, (5.4)
where g˜ , a and b are constants, and e(4) is determinant of the 4D vierbein embedded in
the fu¨nfbein eµ
m. This modifies the original field equation of Aµνρσ from ∂µG = 0 into
∂5G(x
5) = 2g˜ [ δ(x5)− δ(x5 − b) ] , (5.5)
with the solution [6][7]
G(x) = g˜ ǫ(x5) =
{
+g˜ (for 0 < x5 ≤ +b) ,
−g˜ (for − b ≤ x5 < 0) . (5.6)
As for the explicit solutions for Killing spinor equations consistent with the Randall-
Sundrum brane solution [5], we have the same situation as the conventional case [6][7][8].11
Namely, we have subtlety about consistent solutions satisfying both the gravitational equa-
tion and the Killing spinor equations simultaneously [6][7][8], associated with the integrations
involving the signature function ǫ(x5). Therefore we do not elaborate this aspect of our the-
ory any further.
6. Concluding Remarks
In this paper, we have presented an alternative N = 2 supergravity multiplet with
12 + 12 degrees of freedom, coupled to n copies of vector multiplets in 5D, and hyper-
multiplets, with a simpler coupling structure compared with the conventional supergravity
10When the SO(2) -gauging is present, we truncate the hypermultiplets, as mentioned before.
11We acknowledge J. Bagger and M. Zucker clarifying this situation.
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[10][11][12]. These couplings are parallel to the 9D case [16], in which the scalars in the
vector multiplets form the coordinates of the σ -model for the non-Jordan family scalar
coset Hn ≡ SO(n, 1)/SO(n), and the vector fields with the total number n + 1 form the
(n+ 1) -representation of SO(n, 1), while the gaugini λa form the n -representation of
SO(n). The scalars in the hypermultiplets form the σ -model on the quaternionic Ka¨hler
manifold Sp(n′, 1)/Sp(n′)×Sp(1). We have also performed the gauging of the SO(2) sub-
group of Sp(1) = SL(2, IR) in the absence of the hypermultiplets, with a peculiar potential
term in the lagrangian. We have also generalized this result to the case of singular space-
time as a preliminary for supersymmetric Randall-Sundrum scenario [5] similarly to the
conventional 5D supergravity [6][7][8].
Compared with the conventional formulation of N = 2 supergravity in 5D [10][11][12],
we can summarize here the several differences in our formulation:
i) There is no explicit Chern-Simons term such as CIJKF
I ∧F J ∧AK in our lagrangian in
contrast to the conventional case [10][11][12]. Instead, the Chern-Simons term is implicit
in the field strength Gµνρ.
ii) Our scalar potential for the gauged case is much simpler than that in [10][11][12].
iii) The couplings of our antisymmetric tensor Bµν and dilaton σ fields are much more
like those in superstring theory [1], with the manifest global scaling property (2.5).
iv) In our formulation, the vector and tensor multiplets are not unified on an equal footing
as in [10][11][12].
v) It seems that our system is not equivalent to the conventional one [10][11][12], covered
as a special case.
Some remarks are now in order: As for the point i), the Chern-Simons form appears only
in our field strength Gµνρ but not explicitly in the lagrangian. Our system is much like
N = 1 supergravity [16] in 9D, in which LIJ also controlled the system. As for the
point ii), our potential is simpler, because it depends only on the dilaton σ, because of
the constancy of the ‘metric’ LIJ . There is no further complication by the scalar field, in
contrast to [10][11][12] with the non-trivial coefficients CIJK . As for the point iii), this is
the advantage of our formulation with the usual antisymmetric tensor and dilaton couplings
with scaling properties, as is naturally expected from the usual superstring theory [1]. As
for the point iv), we point out that the vector and tensor multiplets are more or less on an
equal footing in [11][12], e.g., the spin 1/2 fields are forming the (n
V
+ n
T
) -representation
of SO(n
V
+ n
T
) for n
V
and n
T
copies of vector and tensor multiplets. The difference in
scaling weights between the vectors and tensors in our system also forbids such an unified
treatment of these multiplets. The point v) is also supported by many important facts.
First, the scaling weight (+2) for Bµν as seen from (2.5), and therefore (−2) for its
Hodge dual Bµ [18] is different from the scaling weight (+1) for other vector fields Aµ
I ,
forbidding a unilateral treatment of Bµ unified with other vectors. Second, as was also
mentioned, the comparison with the conventional formulation [10] can be more easily done,
by first unifying the dilaton σ -field with other coordinates ϕα into ϕαˆ following the
similar procedure in [17], and next performing the duality transformation [18] of Bµν into
Bµ, ending up with a Chern-Simons term similar to that in [10], following eqs. (3.18) - (3.32)
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in [17]. Even though this result looks just like a special case covered in [10] superficially
with the same field content, there is a fundamental difference about the manifold. Because
the σ -model coordinates thus obtained will be no longer those for the hypersurface of the
cone C, but they are for the entire cone, which has not been covered as a special case in
[10][11][12], as explained more rigorously in section 3. Third, the various exponential factors
of the dilaton σ (also related to the point iv) above) does not seem to be absorbed into
the redefinitions of the geometric quantities of the coset. All of these are traced back to the
dilaton and the antisymmetric tensor playing essential roles as peculiar NS massless fields,
distinguished from other fields in the vector multiplets, indicating that our system is ‘closer’
to superstring theory [1].
Some readers may wonder why our peculiar supergravity multiplet has not been so far
covered as a special case in the conventional formulation [10][11][12] which has been so ex-
haustively studied. This is, however, understandable from the viewpoint that the original
work in [10] was initiated before the discovery of phenomenological importance of super-
string in 1984 [24][1]. Therefore, there was no strong motivation to include the dilaton and
antisymmetric tensor fields with particular importance in the system. In other words, it
is only superstring [1] or M-theory [2] that motivates the peculiar couplings of dilaton and
antisymmetric tensor to supergravity, as we have performed in the present paper.
Even though we have stressed the difference of our formulation from other general matter
couplings in [10][11][12], it is fair to mention also some similarity. For example, we expect it
possible to generalize the number of the additional tensor fields Bµν in addition to the one in
the supergravity multiplet with a σ -model structure similar to that presented in [11][12].12
In other words, not only for the vector field Aµ in our 12+12 irreducible supergravity
multiplet, but also for the tensor field Bµν , we can couple some copies of outside ‘matter’
multiplets, and get some non-compact σ -model structure. The generalizations in these
directions are now under way.
We are grateful to S.J. Gates, Jr. for helpful discussions. We are indebted to A. Ceresole,
G. Dall’Agata, M. Gu¨naydin and P.K. Townsend for clarifying matter multiplet couplings,
while to J. Bagger and M. Zucker for informing about the supersymmetric Randall-Sundrum
scenario. Special acknowledgement is for M. Luty for bringing about the subject of 5D super-
gravity, and also for E. Sezgin for his important suggestions. Additionally, we acknowledge
the referee of this paper who devoted his time to the improvement of its content.
12To avoid misinterpretation, we stress that our antisymmetric tensor Bµν is still distinguished from
these additional ones, which always appear in pairs [11][12].
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